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Abstract
The recent developments in fluid/gravity correspondence give a new impulse to the study of fluid dynam-
ics of supersymmetric theories. In that respect, the entropy current formalism requires some modifications 
in order to be adapted to supersymmetric theories and supergravities. We formulate a new entropy current 
in superspace with the properties: 1) it is conserved off-shell for non-dissipative fluids, 2) it is invariant un-
der rigid supersymmetry transformations, 3) it is covariantly closed in local supersymmetric theories, 4) it 
reduces to its bosonic expression on space–time.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
Recent developments in fluid/gravity correspondence [1–3] motivate a deeper analysis of the 
fluid dynamics in the context of supersymmetric theories and of supergravity. In the present work, 
we take a first step toward that extension by analyzing the definition of the entropy current for 
non-dissipative fluids (see for example [4–8]) and by providing its supersymmetric generaliza-
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meant to be effective Lagrangian descriptions of the fluid, whose dynamics is still constrained 
by the underlying (though spontaneously broken) supersymmetry.2 The new degrees of freedom 
required by the supersymmetric setting are Grassmann variables θ carrying spin 1/2. In fact, as 
pointed out for instance in [11], the only way for introducing an intrinsic spin for a fluid is to use 
Grassmann variables in a quantum mechanical setting.
The starting point is a convenient formulation of the fluid dynamics in terms of the comoving 
coordinates of the fluid (see [14,11]). The Eulerian description in terms of spacetime-dependent 
quantities is replaced by a new set of comoving coordinates φI (with I = 1, . . . , d , d being the 
space dimensions) which are spacetime fields. In terms of those, in the case of non-dissipative 
fluids, one can easily write down a Lagrangian whose field equations are the relativistic general-
ization of the well-known Navier–Stokes equations. One can also easily define several interesting 
thermodynamical quantities such as the entropy, the energy density, chemical potentials and so 
on. This formalism permits also a direct verification of Maxwell equations for thermodynamics. 
Finally, all techniques of quantum field theory can be used to investigate the quantum properties 
of fluids (see for example [5]).
Recently a series of interesting papers [15,6,16] appeared on the subject by exploring the fluid 
dynamics from the point of view of comoving coordinates and discussing the role of the entropy 
current in that context. In particular they claim that the entropy current of a given system must 
have the following properties: 1) It is dual to a d-form in (d + 1) space–time dimensions; 2) it is 
conserved off-shell. It is easy to show that the expression
J (1) = ∗(dφ1 ∧ · · · ∧ dφd),
where the star symbol is the Hodge-dual star operator in d + 1 dimensions, has the correct prop-
erties. In addition, it cannot be written as a d-exact expression since the comoving coordinates 
φI are not globally defined. The entropy density can be computed by considering the Hodge dual 
of J (1). In papers [6,8,7], this formalism has been applied to normal fluids as well as to super-
fluids and, there, all quantities are computed in terms of the comoving coordinates and of one 
additional degree of freedom ψ . A new symmetry has been advocated in order to describe the su-
perfluid in a suitable phase and the spectrum of waves in that fluid have been taken into account. 
We briefly review that formalism in Section 2 in order to set up the stage for our developments.
The next step is to provide a supersymmetric extension. Since the coordinates φI represent 
a set of comoving coordinates of the fluid, it is natural to introduce a set of anticommuting 
coordinates θα for describing the fluid fermionic degrees of freedom (see [11,12]). These are 
extra physical degrees of freedom related to the variables conjugate to the supercharges. Using 
the analogy with the Green–Schwarz superstring and with the supermembrane we define a su-
persymmetric 1-form ΠI replacing the 1-form dφI of the bosonic theory. In that context, we 
discuss the generalization of the action for supersymmetric fluids with all symmetries.
Finally, we can provide the supersymmetric extension of the entropy current. We have to recall 
that the entropy current is associated with volume preserving diffeomorphisms and therefore the 
supersymmetric extension must play a similar role of volume preserving superdiffeomorphisms. 
1 For earlier works on supersymmetric description of fluids see for instance [13].
2 Although, as it is well known, supersymmetry is always broken at non-zero temperature [9,10], nevertheless the 
supersymmetry Ward identities still control the quantum Lagrangian allowing the same ultraviolet behavior as at zero 
temperature.
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complete expression on the supermanifold M(d+1|m) is
J (d|m) = 1
d!I1...IdΠ
I1 ∧ · · · ∧ΠId θm · · · θ1 ∧ δ(dθ1)∧ · · · ∧ δ(dθm),
d being the spatial dimensions and m the dimension of the spinor representation, that is the 
number of fermionic coordinates.3 This expression transforms as a Berezinian under superdif-
feomorphisms and the Dirac delta of 1-superforms dθα is a symbol that has the usual properties 
of distributions as explained in [21]. The Dirac delta-functions of 1-forms dθα can be under-
stood by assuming that the fermionic 1-forms are indeed commuting quantities and therefore it 
becomes pivotal to define an integration measure in this space. One way – although it is not the 
only one – is to use the atomic measure given by the distributional Dirac delta. The main property 
of that distribution is locality which plays an important role in our construction.
Given the new formula for the entropy current J , we can compute the entropy density s
and we discuss some implications. Furthermore the above definition of physical quantities in 
terms of integral forms guarantees, at the supersymmetric covariant level, that the θ -expansion 
of the corresponding superfields only has the lowest component, corresponding to the physical 
observable (like the entropy). Indeed, as we are going to show in Section 3, naively promoting 
each bosonic quantity to superfields, would raise physical interpretation problems of the extra 
components. Moreover the entropy current turns out not to be closed. In the new approach with 
integral forms these drawbacks are overcome, as we shall show in Section 4. As an important 
application, we generalize our construction to supergravity.
The paper is organized as follows:
In Section 2 we review the Lagrangian approach for fluid dynamics and introduce the entropy 
current.
In Section 3 we set up the stage for the supersymmetric extension of the bosonic theory and, 
as a warm-up exercise, we discuss the symmetries and equations of motion of a supersymmetric 
effective theory for fluid dynamics in a (1 + 1)-dimensional model. We then extend the consid-
erations to a general (d + 1)-dimensional Lagrangian.
In Section 4 we give a general expression for the entropy current and entropy density in 
superspace. We will first discuss the properties of the entropy current for a (1 + 1)-dimensional
model, then for a general (d+1)-dimensional theory and finally we propose a possible expression 
of it in N = 1 supergravity.
Appendix A contains several technical details.
2. Comoving coordinate formalism
In this section we shortly review the Lagrangian approach developed in Refs. [14,4,6,8], which 
is based on the use of the comoving coordinates of the fluid as fundamental fields, adopting the 
same notations as [6]. Their approach will be useful for the extension of the formalism to the 
supersymmetric case.
From a physical point of view one assumes that the hydrodynamics of a perfect fluid can be 
formulated as a low energy effective Lagrangian of massless fields which are thought of as the 
3 For the sake of clarity, we assume here and in the following that the θα are Majorana spinors (as it is in four 
dimensions) or Majorana–Weyl spinors. The case of Dirac or pseudo-Majorana spinors (as it happens e.g. in D = 5
supersymmetric theories) can be dealt with in an analogous way.
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phonons), and is invariant under the symmetry associated with conserved charges. The effective 
complete Lagrangian would be a derivative expansion in terms of the breaking parameters (mean 
free path and mean free time). One tries to determine the low energy Lagrangian by symmetry 
requirements.
Working, for the sake of generality, in (d +1) space–time dimensions, one introduces d scalar 
fields φI (xI , t), I = 1, . . . , d as Lagrangian comoving coordinates of a fluid element at the point 
xI at time t such that, at equilibrium, the ground state is described by ΦI = xI and requires, in 
absence of gravitation, the following symmetries:
δφI = aI (aI = const.), (2.1)
φI → OIJ φJ
(
OIJ  SO(d)
)
, (2.2)
φI → ξI (φ) det(∂ξI /∂φJ )= 1. (2.3)
Furthermore, if there is a conserved charge (particle number, electric charge, etc.), then the asso-
ciated symmetry cannot be described by transformations acting on the fields φI , since they are 
non-compact and they cannot describe particle number conservation. Therefore one introduces a 
new field ψ(xI , t) which is a phase, that is it transforms under U(1) as follows
ψ → ψ + c (c = const.). (2.4)
Finally one must take into account that the particle number is comoving with the fluid, giving 
rise to a (matter) conserved current
∂μj
μ = 0, (2.5)
where
jμ = nuμ, u2 = −1, (2.6)
n being the particle number density and uμ the fluid four-velocity defined below. Moreover, if the 
charge flows with the fluid, charge conservation is obeyed separately by each volume element. 
This means that the charge conservation is not affected by an arbitrary comoving position-
dependent transformation
ψ → ψ + f (φI ) (2.7)
f being an arbitrary function. This extra symmetry requirement on the Lagrangian is dubbed 
chemical-shift symmetry.
From these premises the authors of [6] construct the low energy Lagrangian respecting the 
above symmetries. At lowest order the Lagrangian will depend on the first derivatives of the 
fields through invariants respecting the symmetries (2.1)–(2.4) and (2.7):
L= L(∂φI , ∂ψ). (2.8)
For this purpose one introduces the following current which respects the symmetries (2.1)–(2.3):
Jμ = 1
d!
μ,ν1,...,νd I1,...,Id ∂ν1φ
I1 . . . ∂νd φ
Id , (2.9)
and enjoys the important property that its projection along the comoving coordinates does not 
change:
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Introducing the Hodge-dual star operator in (d + 1) dimensions, this is equivalent to saying that 
the spatial d-form current
J (d) = −∗J (1) = 1
d! I1...Id dφ
I1∧ . . .∧dφId (2.11)
where
J (1) = 1
d!μν1...νd I1...Id ∂
ν1φI1 . . . ∂νd φId dxμ
= (−1)d∗
(
1
d!I1...Id dφ
I1∧ . . .∧dφId
)
, (2.12)
is closed identically, that is it is locally an exact form. Hence it is natural to define the fluid 
four-velocity as aligned with Jμ:
Jμ = buμ → b =√−JμJμ =√det(BIJ), (2.13)
where BIJ ≡ ∂μφI ∂μφJ . From a physical point of view, the property of Jμ to be identically 
closed identifies it as the entropy current of the perfect fluid, so that b = s, s being the entropy 
density. Using the entropy current Jμ one finds that, by virtue of Eq. (2.10), the quantity Jμ∂μψ
is invariant under (2.7).
Summarizing, a low energy action invariant under (2.1)–(2.4) and (2.7), can depend on φI
and ψ only through Jμ and Jμ∂μψ , and, being a Poincaré invariant, it can be written as follows:
S =
∫
d4 xF(b, y), (2.14)
where y is
y = uμ∂μψ = J
μ ∂μψ
b
. (2.15)
Computing the Noether current associated with the symmetry (2.4) one derives
jμ = Fy uμ → Fy ≡ n, (2.16)
which identifies n as the particle number density. The Noether currents associated with the infi-
nite symmetry (2.7) are
j
μ
(f ) = Fy uμf
(
φI
)
, (2.17)
and these currents are also conserved by virtue of the jμ-conservation.
By coupling (2.14) to worldvolume gravity we can obtain the energy–momentum tensor by 
taking, as usual, the derivative with respect to a background metric:
Tμν = (yFy − bFb)uμuν + ημν(F − bFb). (2.18)
On the other hand, from classical fluid-dynamics, we also have
Tμν = (p + ρ)uμuν + ημνp, (2.19)
from which we identify the pressure and density
ρ = yFy − F ≡ yn− F, p = F − bFb. (2.20)
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the temperature, the Maxwell equations and so on (see [6] for a complete review). In particular, 
it turns out that the quantity y defined in Eq. (2.15) coincides with the chemical potential μ. To 
see this, it suffices to compare the first principle
p + ρ = T s +μn, (2.21)
with (2.20). Using Fy = n and b = s, we then find
∂F
∂s
= −T , y = μ. (2.22)
We conclude that the Lagrangian density is a function of s and μ
F = F(s,μ). (2.23)
Let us remark that the Lagrangian used in this setting does not allow at first sight for the 
presence of a kinetic term for the dynamical field ψ , namely X = ∂μψ∂μψ . In fact we could 
also consider, besides X, further Poincaré invariants of the form ZI = ∂μψ∂μφI . However, it 
can be proven that the quantities X, ZI , together with BIJ , are not independent of y since the 
following relation holds:
y2 = −∂μψ∂μψ + ∂μψ∂μφIB−1IJ ∂νψ∂νφJ . (2.24)
Therefore a dependence of the Lagrangian on X is somewhat implicit in y2.
A Lagrangian exclusively depending on X, i.e. of the form F(X), has been considered, for 
instance, in [8], to describe superfluids at T = 0. The use of the variables X, ZI , even though 
redundant for ordinary fluids, can be useful in order to describe superfluids as a spontaneously 
broken phase of a field theory with chemical-shift symmetry invariance. This idea is elaborated 
in [23].
3. Supersymmetric extension. Lagrangian and equations of motion
In order to generalize to the supersymmetric case the Lagrangian formalism and the definition 
of the entropy current reviewed in the previous section let us first set up our formalism.
A basis of 1-superforms in a general rigid (d + 1|m)-superspace can be given in terms of the 
supervielbein {Πa, Ψ α} by:
Πa = dφa + i
2
θ¯Γ adθ, Ψ α = dθα, (3.1)
where a = (0, I ), (I = 1, · · · , d) and α = (1, · · · , m) run over the bosonic and fermionic di-
rections of superspace respectively. Here Γ a are the Clifford algebra Γ -matrices in (d + 1)
dimensions, while θ , and dθ denote the matrix form of the Majorana spinors of SO(d, 1).4 In 
particular θ¯ ≡ θ†Γ 0 = θT C, C = (Cαβ) being the charge-conjugation matrix. The space-like 
fields φI (x, t) can be taken as the comoving coordinate fields of the bosonic theory, while the 
spinors θα(x, t) are the fermionic coordinates of superspace and we added a time-like bosonic 
field φ0 to complete the superspace (see also [11]). The fermionic coordinates θα represent extra 
physical degrees of freedom which are, in our description, related to the variables conjugate to 
the supercharges.
4 For the dimensions of the various irreducible SO(d, 1)-spinor representations see for instance [24].
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ing the supersymmetric extension of the chemical shift field-strength dψ :
Ω = dψ + iτ¯ dθ. (3.2)
τ being a new Majorana spinor.
In line with Refs. [11,12], where supersymmetric fluidmechanics is discussed, in this de-
scription all the bosonic and fermionic fields correspond to physical degrees of freedom and no 
auxiliary fields are introduced.
The tangent vectors
∂a = ∂
∂φa
, Dα = ∂
∂θα
+ i
2
(
θ¯Γ a
)
α
∂a (3.3)
are dual to the supervielbein and the related supersymmetry transformations are:
δ¯Dφ
a = i
2
¯Γ aθ, δ¯Dθ = , (3.4)
while the supervielbein transforms as5
δ¯ DΠ
a = i¯Γ adθ, δ¯DΨ = d = 0. (3.8)
We further assume that the phase ψ(x) and its supersymmetric partner τ(x) are invariant 
under the rigid supersymmetry generated by the Killing vector . This position can be justified by 
the fact that, being ψ the phase acted on an internal U(1) symmetry, associated with the particle 
number conservation, it is natural to assume it to commute with supersymmetry generators just 
as the internal symmetry generators in the super-Poincaré algebra. Since, in a supersymmetric 
context, ψ is a superfield, it is also natural to extend the chemical shift “internal” symmetry to 
superspace performing the following superdiffeomorphism on ψ :
δψ = f (φ, θ) (3.9)
with f (φ, θ) arbitrary superfield. Assuming δτ = Df , the 1-form Ω acquires the following 
chemical shift transformation:
δΩ = ∂f
∂φI
ΠI . (3.10)
In this setting, being the symmetry parametrized by a superfield, the infinitely many currents 
(2.17) will be promoted to a supermultiplet of infinite currents. In order to catch the relevant 
5 Note that the supervielbein {Πa, Ψα} are left invariant under the Killing vectors transformations Q¯α generators of 
the supersymmetry algebra, namely
δ¯Qφ
a = − i
2
¯γ aθ, δ¯Dθ =  (3.5)
δ¯QΠ = δ¯Qd θ = 0 (3.6)
where
Qα = ∂
∂θα
− i
2
(
θ¯γ a
)
α
∂a −→ {Qα,Dβ } = 0 (3.7)
are the fermionic generators of the super-Poincaré algebra (anti)commuting with the tangent vectors Dα .
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venient to first restrict ourselves to the (1 + 1)-dimensional case, that will be dealt with in the 
next subsection, postponing its extension to (d + 1) space–time dimensions to the following 
subsection.
3.1. Supersymmetric effective theory in two space–time dimensions
In (1 + 1) dimensions we have just one comoving coordinate φ(x, t) and the embedding 
superspace has two bosonic and one fermionic dimensions.6 Therefore Eqs. (3.1) and (3.2) imply:
Π = dφ + θ dθ, Ψ = dθ, Ω = dψ + τ dθ, (3.11)
where we have denoted by φ the spatial component of φa in two dimensions. The supersymmetry 
transformations are generated by
D = ∂θ + θ∂φ, (3.12)
which satisfies D2 = −∂φ . Setting D ≡ , the supersymmetry transformations are now:
δφ = θ, δθ = , (3.13)
while the spatial component of the bosonic vielbein transforms as
δΠ = 2dθ, δdθ = d = 0, (3.14)
since the spinor parameter  is constant. Furthermore
δψ = δτ = 0. (3.15)
In terms of these variables, we can build the following quantities
B = −Π ∧ Π = ΠμgμνΠνd2x = Bˆ d2x,
Y = Ω ∧Π = μνΩμΠνd2x = Yˆ d2x, (3.16)
where we denoted by the same letter, though with a hat on the top, the corresponding quantity 
modulo the volume form, that is Bˆ = ΠμημνΠν , Yˆ = ΩμμνΠν , b =
√
Bˆ .
The variation of the Poincaré-invariant superfields under a generic variation of φ and of ψ is
δB = −2Π ∧ dδφ,
δY = −Π ∧ dδψ +Ω ∧ dδφ. (3.17)
Therefore, if the action is given by
S =
∫
d2xF [b,Y ], (3.18)
as an integral of a local functional, we get the equations of motion
d
[
b−1FbΠ + FYΩ
]= dJφ = 0, (3.19)
d[FYΠ ] = dj = 0, (3.20)
6 Recall that in (1 + 1) dimensions the spinors are Majorana–Weyl so that they have just one component.
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Jφ = b−1 FbΠ + FY Ω; j = FY Π, (3.21)
which are the Noether currents associated with the shift symmetries φ → φ + c′, ψ → ψ + c. 
The variations for θ and τ are
δB = −2Π ∧ (δθdθ + θdδθ),
δY = −Π ∧ (δτdθ + τdδθ)+Ω ∧ (δθdθ + θdδθ), (3.22)
and the corresponding equations of motion are
2Jφ ∧ dθ + dτ ∧ j = 0,
j ∧ dθ = 0. (3.23)
We can also compute the supercurrent and the current associated with the chemical shift sym-
metry. Recalling that the supercurrent is obtained by variation with respect to dθ , we find
jS = −2θJφ + τ j, (3.24)
which, by the equations of motion, enjoys the property: djS = 0.
We now show that the action functional is invariant under supersymmetry. Indeed, if we re-
strict the variation of the action (3.18) to the supersymmetry transformations (3.13), (3.14) and 
(3.15) we find
δS = 2
∫ [
J Jφ ∧ d(θ)
] (3.25)
so that, by partial integration and use of the equation of motion, it follows
δS = 0. (3.26)
This is of course a major result of our approach.
Concerning the chemical shift symmetry, we consider the possibility of constant symmetry, 
namely f = a + ωθ where a and ω are commuting and anticommuting parameters of constant 
type, respectively. Therefore, it is easy by Noether method to compute the following two currents
J (a) = j, J (ω) = jθ, (3.27)
which can be obviously cast into a supermultiplet. Notice that dJ (a) = 0 as follows from the 
second equation of (3.19), while dJ (ω) = 0 follows from the second equation of (3.23).
3.2. The general (d + 1)-dimensional case
In this section we generalize the Lagrangian given in the previous section in the (1 + 1)-
dimensional case to superspace with (d + 1) space–time dimensions and m fermionic direc-
tions.
We generalize equations (3.16) by defining the following quantities:
BIJ = −ΠI ∧ ΠJ = ΠIμΠJμ dd+1x = BˆIJ dd+1x,
Y = Ω ∧Π1 · · · ∧Πd = 1 μν1···νd I1···IdΩμΠI1ν · · ·ΠIdνd dd+1x = Yˆ dd+1x, (3.28)d! 1
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multiplying d + 1-dimensional volume form. Note in particular that [6]
bˆ =
√
det BˆIJ, (3.29)
and
bˆ|θ=0 = s; Yˆ
bˆ
∣∣∣∣
θ=0
= y, (3.30)
where b = s and y = μ are the entropy density and the chemical potential as defined in Section 2.
On the basis of the previous discussion the action generalizing (3.18) will be written as the 
following integral of a local functional
S =
∫
dd+1xF [bˆ, Yˆ ]. (3.31)
The results of the (1 + 1)-dimensional case are then easily generalized as follows. The variation 
of the Poincaré-invariant superfields under a generic variation of φI and of ψ is
δBIJ = −2ΠI ∧ dδφJ ,
δY = dδψ ∧Π1 ∧ · · · ∧Πd + 1
(d − 1)!
I1···IdΩ ∧ΠI1 ∧ · · · ∧ΠId−1 ∧ dδφId , (3.32)
and the following equations of motion are obtained:
dJ
(1)
I = d
[
bˆ FbBˆ
−1
IJ
ΠJ + 1
(d − 1)!
IJ1···Jd−1FYΩ ∧ΠJ1 ∧ · · · ∧ΠJd−1
]
, (3.33)
dj (1) = d[FYΠ1 ∧ · · · ∧Πd]= 0, (3.34)
where Fb = ∂F/∂bˆ, FY = ∂F/∂Yˆ and we have introduced the two currents:
J
(1)
I = bˆ FbBˆ−1IJ ΠJ +
1
(d − 1)!Ωμ
μνμ1...μd−1IJ1...Jd−1FYΠ
J1
μ1 · · ·Π
Jd−1
μd−1dxν, (3.35)
j (1) = −FY μμ1...μd dxμΠ1μ1 . . .Πdμd = (−)d+1 FY J (d), (3.36)
where
J (d) = Π1 ∧ · · · ∧Πd ≡ 1
d!I1...IdΠ
I1 ∧ · · · ∧ΠId . (3.37)
It is straightforward to verify that the (3.35) and (3.36) are the Noether currents associated with 
the constant translational symmetries φI → φI + cI and ψ → ψ + c. Furthermore, a general 
variation of the fermionic fields θ and τ gives
δBIJ = −iΠI ∧ (δθ¯Γ J dθ + θ¯Γ J dδθ),
δY = i (δτ¯dθ + τ¯ dδθ)∧ J (d)
+ i
2
1
(d − 1)!I1···IdΩ ∧Π
I1 ∧ · · · ∧ΠId−1 ∧ (δθ¯Γ Id dθ + θ¯Γ Id dδθ), (3.38)
so that the corresponding fermionic equations of motion are
J
(1)μ
Γ I ∂μθ + ηCjμ∂μτ = 0, (3.39)I
L. Andrianopoli et al. / Nuclear Physics B 892 (2015) 105–131 115where ηC is the sign appearing in the relation τ¯dθ = ηCd¯θτ and depends on the property of the 
charge-conjugation matrix in (d + 1) dimensions.
Finally the equation of motion obtained by varying τ reads:
J (d) ∧ dθ = 0. (3.40)
3.2.1. The energy–momentum tensor
In Eq. (3.29) we have seen that the generalization of the entropy density b ≡ s
s(x) = s[∂μφI ]=√det ∂μφI ∂μφJ (3.41)
to a supersymmetric setting is simply obtained by replacing the purely spatial rigid vielbein 
dφI with its supersymmetric version ΠI(x, θ) = dφI + i2θΓ I dθ , so that the entropy density 
superfield is given by
sˆ(x) = sˆ[∂μφI (x), ∂μθα(x)]=√detΠIμΠJμ. (3.42)
In an analogous way we generalize the bosonic variable of Section 2, y = (Jμ/s)∂μψ , to
yˆ = J
μ(1|0)
sˆ
Ωμ = Yˆ
sˆ
, (3.43)
where J (1|0)μ is the natural extension of the current J (1) defined in Eqs. (2.11) and (2.12), namely
J (1|0)μ = 1
d!
μν1···νd I1...IdΠI1ν1 . . .Π
Id
νd
. (3.44)
the extra index zero being added to comply with the notation of the integral forms given in the 
next section.
The generalization of the energy–momentum tensor to the supersymmetric theory is then 
obtained by varying the action functional of the superfields, S , given by (3.31):
S =
∫
dd+1x
√−gF(sˆ, yˆ), (3.45)
with respect to a probe metric gμν . It is straightforward to see that we obtain for the energy–
momentum tensor formally the same result as in the non-supersymmetric case, the only differ-
ence being the substitution of b, y with their supersymmetric counterparts sˆ(x, θ), yˆ(x, θ):
Tμν =
(
yˆ
∂F
∂yˆ
− sˆ ∂F
∂sˆ
)
uμuν + ημν
(
F − sˆ ∂F
∂sˆ
)
. (3.46)
It follows that also the relation between the thermodynamic functions and the superfields sˆ(x, θ), 
yˆ(x, θ) remains formally the same, namely
p = F(sˆ, yˆ)− sˆ(x, θ)Fs, (3.47)
ρ = yˆ(x, θ)nˆ− F(sˆ, yˆ), (3.48)
where nˆ(x, θ) is the superfield generalizing the particle number density. We see that the pressure, 
the energy density and the particle number density become superfields whose θ = 0 components 
give the usual field variables ρ(x), p(x), n(x). The same of course happens for all the other 
thermodynamical variables.
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defined in Eq. (3.37) should be the natural extension to the supersymmetric case of the bosonic 
entropy current7 since its θ = 0 component coincides with Eq. (2.12). However, it does not enjoy 
the important property of being closed, so that it raises several problems of interpretation. For 
this reason we shall introduce in the next section, using the framework of the integral forms, two 
alternative definitions of entropy current.
4. The supersymmetric entropy current
The formalism of the integral forms allows us to generalize the notion of entropy current 
to a supersymmetry-invariant (modulo a total derivative), closed form defined on a (d + 1|m)
superspace. Such generalization is however not unique. We could consider, for instance, the 
following supersymmetric extension of the purely bosonic entropy current (2.9):
J (d|m) = 1
d!I1...IdΠ
I1 ∧ · · · ∧ΠId
m∧
α=1
δ
(
dθα
)= J (bos) m∧
α=1
δ
(
dθα
)
, (4.1)
where J (bos) coincides with the J (d) entropy current of the purely bosonic theory, Eq. (2.11), as 
we are going to show below.
It has the following properties:
1. It is a purely spatial d-form on space–time.
2. It is conserved off-shell.
3. Its zero-picture part, at θ = 0, reduces to the bosonic expression in ordinary hydrodynamics.
4. It is invariant under supersymmetry.
The expression (4.1) is a so called integral form. Its distinctive feature is the presence of the 
distribution δ(dθ) (see Appendix A.2), defined as the Dirac delta-function of the differential dθ
(recall that dθα are commuting quantities) and m is the dimension of the spinor representation 
in (d + 1) dimensions.
To prove the above properties, it is mandatory to recall the main properties of integral forms 
(see Appendix A.2).
First of all δ(dθα) enjoys the usual equation dθαδ(dθα) = 0. This justifies the alternative ex-
pression of J (d|m) in terms of J (bos) given in Eq. (4.1). In addition, δ(dθα) carries no form-degree 
and therefore, multiplying it by any number of Dirac delta functions
δ
(
dθα1
)
, δ
(
dθα2
)
, . . .
a d-form remains a d-form. However, we can assign a new quantum number q , dubbed pic-
ture number, which takes into account the number of the Dirac delta-functions δ(dθα). Thus a 
p-form of picture q is denoted by ω(p|q). Notice that by using the properties of the Dirac delta-
functions it is easy to show that δ(dθα)∧δ(dθβ) = −δ(dθβ)∧δ(dθα); as dθα are commuting 
quantities, we have instead dθα ∧ dθβ = dθβ∧dθα . Therefore any integral in superspace of a 
p-form (p  d + 1) with a given picture-number q cannot have more than one delta-function of 
a given differential dθα .
7 Here and in the following we will generally call “entropy current” the d-form associated (through Hodge-duality) to 
the entropy-current 1-form.
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dnδ(dθ)
d(dθ)n
, each derivative lowering the degree of the form of one unit. Therefore an additional 
factor δ(n)(dθ) lowers the form degree of n units. This implies that we can have forms of 
negative degree. In particular one can show the identity dθ δ′(dθ) = −δ(dθ) and, in general, 
(dθ)n δ(n)(dθ) = (−)n δ(dθ). Finally, as far as integration is concerned, the following formula 
holds (see Eq. (A.12)):
∫ 1∏
α=m
θα
m∧
β=1
δ
(
dθβ
)= 1. (4.2)
For a more detailed discussion see Appendix A.2.
The entropy current (4.1) is exactly invariant under rigid supersymmetry as it can be easily 
proven as follows:
δJ (d|m) = 1
(d − 1)!I1...IdΠ
I1 ∧ · · · ∧ΠId−1 ∧ i
2
¯Γ Id dθ
m∧
α=1
δ
(
dθα
)= 0, (4.3)
where we have used the property δδ(dθα) = δ′(dθα) dα = 0, and the fact that the dθ in the vari-
ation of ΠI is annihilated by the integral forms. This current is also trivially conserved off-shell.
Although the zero-picture part of J (d|m) yields the right bosonic entropy current, it would be 
desirable to relate it to the fluid entropy S in geometrical way which is intrinsic to the superman-
ifold: Just as the entropy is the integral of J (bos) over a spatial hypersurface, it would be natural 
to express, in a supersymmetric context, the same entropy as the integral over a spatial (d|m)
hypersurface (SΣ)(d|m)t at a given time t , of the corresponding supersymmetric current:
S(t) =
∫
(SΣ)
(d|m)
t
J (d|m). (4.4)
A drawback of the definition (4.1) is however that the integral of J (d|m) over a super-hypersurface 
does not reduce to the integral over a spatial hypersurface of J (bos). In fact such an integral would 
be zero since:∫
(SΣ)
(d|m)
t
J (d|m) =
∫
(SΣ)
(d|m)
t
J (bos)
m∧
α=1
δ
(
dθα
)= ∫
(Σ)
(d)
t
∫
Berezin
J (bos) = 0, (4.5)
where, for the integration of integral forms, we have used the prescription in [21], summarized in 
Appendix A.2 (see in particular Eq. (A.12)). One could still express the entropy in terms of the 
integral over the whole superspace of a quantity of the form J (d|m)∧∗J (d|m), by suitably defining 
the Hodge-star operation in superspace. Such definition is however subtle and we refrain from 
dealing with it here.
The generalization of the bosonic entropy current to a closed supersymmetry-invariant (mod-
ulo a total derivative) current in superspace is however not unique. Instead of (4.1), we could 
alternatively define a (super)entropy current in a slightly different fashion as follows:
J (d|m) = 1
d!I1...IdΠ
I1 ∧ · · · ∧ΠId (θ)m
m∧
α=1
δ
(
dθα
)
, (4.6)
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(θ)m ≡
1∏
α=m
θα. (4.7)
The quantity J (d|m) has the following properties:
1. It is a purely spatial d-form on space–time and a Grassmann density in superspace.
2. By integration on the fermionic volume element it reduces to the bosonic expression J (bos).
3. It is conserved off-shell.
4. As it transforms as a total differential under the supersymmetry transformations (3.13), 
(3.14), its associated conserved charge, the entropy, is invariant under supersymmetry.
In particular the second property allows us to consistently write
S(t) =
∫
(SΣ)
(d|m)
t
J (d|m), (4.8)
which is the natural relation we were looking for.
To prove the above properties, let us first inspect the simpler, (1 + 1)-dimensional case, 
where all the relevant properties of the entropy current are already at work, and then the gen-
eral (d + 1)-dimensional case.
4.1. Two-dimensional case
According to the properties of J (d|m) listed above, in the (1 +1)-dimensional case the entropy 
current must satisfy the following requirements:
1. It is a one-form in the bosonic coordinates and a density in the fermionic sector of super-
space.
2. By integration on the fermionic volume element it reduces to the bosonic expression dφ.
3. It is conserved off-shell.
4. It transforms as a total differential under the supersymmetry transformations (3.13), (3.14).
The following expression satisfies the requirements:
J = Π ∧ θ δ(dθ) ≡ dφ ∧ θ δ(dθ), (4.9)
where δ(dθ) is the Dirac delta function of the differential dθ .
With the definitions introduced above, we can write the entropy current in (4.9) as J (1|1). By 
construction the superspace integration of J (1|1) reduces to the bosonic expression J (bos) = dφ, 
so that the second property is satisfied. Moreover we note that J (1|1) = Π ∧ θ δ(dθ) = dφ ∧
θδ(dθ) ≡ J (bos) ∧ θδ(dθ) where we have used dθ ∧ δ(dθ) = 0. It follows
dJ (1|1) = d(J (bos) ∧ θδ(dθ))= d(dφ ∧ θδ(dθ))= −dφ ∧ dθδ(dθ) = 0. (4.10)
Finally let us show its property under a supersymmetry transformation:
δJ (1|1) ≡ J (1|1) = (ιd + d ι)
(
dφ ∧ θδ(dθ))= d(ι()J (1|1)) (4.11)
where  is the Lie derivative in superspace. Eq. (4.11) proves the requirement 4.
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infinite number of currents by multiplying it by any function f (φ), since then Jf = f (φ)dφ
is clearly closed. It is immediate to verify that the same construction can be extended to the 
entropy supercurrent. Indeed, introducing an arbitrary superfield f (φ, θ) and defining J (1|1)f =
f (φ, θ)J (1|1), by exterior differentiation it immediately follows:
dJ (1|1)f = d
(
f (φ, θ)J (1|1))= df (φ, θ)∧J (1|1) = 0. (4.12)
However, in our supersymmetric setting, we can still construct another infinite set of conserved 
currents.
Let us introduce the following expression
η(0|1) =
(
θδ(dθ)+Π ∧ δ′(dθ)). (4.13)
η(0|1) is a (0|1)-form since the first term is a pure Dirac delta function (which carries no form 
degree) and the second term is made of a 1-form, namely Π , and a (−1)-form, namely δ′(dθ). 
Acting on η(0|1) with the differential d , we have
dη(0|1) = d
(
θ δ(dθ)+Π ∧ δ′(dθ))= dΠ ∧ δ′(dθ)
= dθ ∧ dθ ∧ δ′(dθ) = −dθ ∧ δ(dθ) = 0. (4.14)
In addition, we can define a new current
η(−1|1) =
(
θ δ′(dθ)+Π ∧ δ′′(dθ)), (4.15)
where δ′′(dθ) is the second derivative of the Dirac delta function. The quantity η(−1|1) is a (−1)
form because the derivatives on Dirac delta functions count as negative form number. Again, 
dη(−1|1) = 0 using the properties of delta functions. Proceeding in this way we can define an 
infinite set of currents of the form
η(−n|1) =
(
θδ(n)(dθ)+Π ∧ δ(n+1)(dθ)), (4.16)
satisfying dη(−n|1) = 0.
4.2. Supersymmetric entropy current in (d + 1) dimensions
As for the action and the equations of motion it is straightforward to generalize the entropy 
current from two to (d + 1) dimensions.
In the same way as for the two-dimensional case, we show that J (d|m), as introduced in 4.6, 
is off-shell closed. Indeed recalling that dθα δ(dθα) = 0, so that
J (d|m) ≡ 1
d!I1...Id dφ
I1 ∧ · · · ∧ dφId (θ)m
m∧
α=1
δ
(
dθα
)
, (4.17)
we have, neglecting an overall sign
dJ (d|m) = 1
d!I1I2,...Id dφ
I1 ∧ · · · ∧ dφId ∧
m∑
β=1
dθβ
∏
σ 	=β
θσ
m∧
α=1
δ
(
dθα
)= 0. (4.18)
Therefore the entropy current is a closed form. This in particular implies that the entropy S is 
conserved. Indeed, from Eq. (4.8), we have
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∫
SM(d+1|m)
dJ (d|m) =
∫
∂(SM)(d|m)
J (d|m) =
∫
∂(M)(d)
J (bos) = S(t2)− S(t1), (4.19)
where ∂(SM)(d|m) denotes the boundary of SM(d+1|m), represented by two space-like hypersur-
faces (SΣ)(d|m)t1 , (SΣ)
(d|m)
t2 at the times t1, t2. The integration on the Grassmann volume element ∏1
α=m θα
∧m
β=1 δ(dθβ) is performed using the property (4.2). Eq. (4.19) thus implies the entropy 
conservation.
Finally we consider the transformation law of J (d|m) under supersymmetry. We have
δJ (d|m) ≡ J (d|m) = (ιd + d ι)
[
dφI1 ∧ · · · ∧ dφId (θ)m
m∧
α=1
δ
(
dθα
)]
= d
[
ι
(
dφI1 ∧ · · · ∧ dφId (θ)m
m∧
α=1
δ
(
dθα
))]= d( ιJ (d|m)). (4.20)
Integrating Eq. (4.20) over a spatial (d|m) hypersurface (SΣ)(d|m) at a given time t and using 
(4.8), (4.20):
δS =
∫
(SΣ)(d|m)
δJ (d|m) =
∫
(SΣ)(d|m)
d
(
ιJ (d|m)
)= ∫
∂(SΣ)(d−1|m)
ιJ (d|m) = 0, (4.21)
the last integral being zero since the boundary ∂(SΣ)(d−1|m) of (SΣ)(d|m) is located at spatial 
infinity, where we assume all fields to vanish together with their derivatives.
Actually, as in the bosonic case, there is an infinity of d-form currents which are off-shell 
closed (and therefore their Hodge-dual are conserved). Indeed if we define
J (d|m)f = f
(
φI , θ
)J (d|m), (4.22)
then
d
[
f
(
φI , θ
)J (d|m)]= [ ∂f
∂φJ
dφJ + ∂f
∂θα
dθα
]
J (d|m) = 0. (4.23)
Finally, we show that we can define an infinite set of fermionic closed (−n|1)-superforms 
analogous to those defined in the two-dimensional case (see Eqs. (4.14), (4.15), (4.16)). They are 
defined as
Jαβ1...βn = Pδ1...δnβ1...βn Jˆ αδ1...δn , (4.24)
where P is the projector onto the irreducible n-fold symmetric product of the spinorial represen-
tation and
Jˆ αβ1...βn ≡ θα∂β1 · · ·∂βn
∏
β
δ
(
dθβ
)+ i
d
ΠI
(
Γ IC−1
)αγ
∂γ ∂β1 · · · ∂βn
∏
β
δ
(
dθβ
)
,
∂β ≡ ∂
∂dθβ
, (4.25)
where C is the charge-conjugation matrix. The fermionic currents satisfy the conservation equa-
tion
d
(
P
δ1...δn
β1...βn
Jˆ αδ1...δn
)= 0. (4.26)
The proof is given in Appendix A.4.
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In the present section, we consider a generalized form of the entropy current and its relation 
with the one given above. This is related to the fact that the integral forms can be seen also from 
a gauge fixing point of view.8
In our case, for the (1 + 1)-dimensional case we can consider the following expressions
P = dΦ +ΘdΘ, δ(dΘ), dΘ, (4.27)
where Φ and Θ are functions of the coordinates φ, θ . Therefore the generalized expression 
becomes
J˜ (1|1) = P ∧Θ δ(dΘ). (4.28)
It is straightforward to connect it to the original formula (4.9) by expressing (4.27) in terms of 
the coordinates φ, θ . This can be easily done by observing
J˜ (1|1) = [dφ(∂φΦ +Θ∂φΘ)+ dθ(∂θΦ +Θ∂θΘ)]Θδ(dθ∂θΘ + dφ∂φΘ)
= [dφ ∂φΦ + dθ ∂θΦ] Θ
∂θΘ
[
δ
(
dθ + dφ 1
∂θΘ
∂φΘ
)]
. (4.29)
Using now
Θ = ∂θΘθ ≡ f (φ)θ; ∂φΘ = ∂φf θ
we obtain
J˜ (1|1) = [dφ∂φΦ + dθ∂θΦ]θ
[
δ(dθ)+ dφ 1
∂θΘ
∂φΘ ∂φf θδ
′(dθ)
]
= dφ∂φ Φ ∧ θδ(dθ).
This proves that the relation between the two formulas is simply the determinant of the 
(bosonic) Jacobian matrix J which, in the d = 1 case, is just J = ∂φΦ .
The generalization of the above derivation to the (d + 1)-dimensional case is straightforward, 
though more involved. Consider the following super-reparametrization:
φI , θα −→ ΦI (φJ , θβ), Θα(φJ , θβ), (4.30)
and the corresponding generalized entropy current:
J˜ (d|m) = 1
d!I1...Id P
I1 ∧ · · · ∧ P Id
( 1∏
β=m
Θβ
)
m∧
α=1
δ
(
dΘα
)
, (4.31)
where
P I = dΦI + i
2
Θ¯Γ I dΘ. (4.32)
8 This was the original point of view for introducing the PCO (Picture Changing Operator) which are written in terms 
of integral form in superstring formulation. To make a long story short, we recall that in the case of superstring the gauge 
symmetry is a local symmetry plus worldsheet diffeomorphisms and therefore its quantization proceeds by fixing those 
symmetries by a gauge-fixing-BRST methods. In that process, we have to choose a background metric and a background 
gravitino. For example, one simple choice is to set the gravitino to zero. However, the corresponding ghost – needed 
to implement the BRST formalism for that gauge symmetry – is a commuting ghost (usually denoted by β) and the 
functional integral on it yields the Dirac delta function for the gravitino. Obviously, one can choose a different gauge 
fixing [27–29].
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J˜ (d|m) = det(J) 1
d!I1...Id Π
I1 ∧ . . .∧ΠId
( 1∏
β=m
θβ
)
m∧
α=1
δ
(
dθα
)= det(J)J (d|m), (4.33)
where J = (JI J ) = ( ∂ΦJ∂φI ) is the bosonic block of the super-Jacobian at θα = 0.
The generalized expression (4.28) (or (4.31)) could be the appropriate form in order to study 
the supersymmetric entropy current in a fluid/gravity context (see for example [1,16,25,26]). In 
the bosonic case the entropy density is proportional to the black-hole horizon area. Then the 
supersymmetric version of the area increase theorem would not change and be still expressed as 
the statement
∂
∂λ
detJ ≥ 0, (4.34)
where λ is the additional bosonic coordinate orthogonal to the super surface whose volume ele-
ment is the (1|1) integral form (4.27).
Let us check how the supersymmetry transformations act on this generalized expression for 
the entropy current. Upon a supersymmetry transformation, using Eq. (4.33) we find (up to an 
overall sign):
δJ˜ (d|m) = δ
(
det
(
J(φ)
))J (d|m) + det(J(φ))δJ˜ (d|m)
= ∂
∂φK
det(J) δφK + det(J) d
(
ιJ (d|m)
)= det(J) d(ιJ (d|m)), (4.35)
where we have used the property that δφK ∝ θ¯Γ K is annihilated when multiplied by J (d|m)
due to the presence of the factor 
∏
α θ
α in the latter. From Eq. (4.35) we see that, by supersym-
metry, J˜ (d|m) still transforms by a total derivative only if the relation between ΦI and φI is a 
volume preserving diffeomorphism, i.e. if det(J) = 1.
4.4. Entropy current for supergravity
The generalization of the entropy current of a fluid to the case of local supersymmetry can be 
given but is somewhat problematic. First of all, it is not interesting from the point of view of the 
fluid/gravity correspondence, where the holographic entropy corresponding to the horizon area
of the boosted black-hole solution is instead in correspondence with the entropy of the fluid at 
the boundary. However, we expect an entropy current in supergravity to exist. It should reduce, 
in the rigid limit, to the supersymmetric entropy current given in the previous sections and, in 
analogy to what happens in the rigid case, it should be (Lorentz)-covariantly closed and should 
transform as a total covariant derivative under local supersymmetry.
Let us work, for the sake of simplicity, in the case of N = 1, D = 4 supergravity coupled to a 
set of chiral multiplets (zi, χi) together with their hermitian conjugates (zı¯ , χı¯) (i, ı¯ = 1, · · ·nc). 
Let Πa be the (bosonic) vielbein (a = 0, 1, 2, 3 denote anholonomic space–time indices) and 
Ψ α the gravitino (fermionic) one-form in superspace. In terms of a holonomic basis (spanned by 
(dφμ, dθα)), the anholomic basis of 1-forms in superspace is defined by:
Πa = Πaμdφμ +Πaαdθα (4.36)
Ψ α = Ψ αdφμ +Ψ αdθβ. (4.37)μ β
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while Greek indices α, β, γ, . . . will denote the spinor-component indices of the gravitino 1-form, 
running from 1 to 4. Like in the rigid supersymmetry case, I, J, K, . . . will denote 3-dimensional 
spatial vector indices.
The supersymmetry transformation laws under a superdiffeomorphism θα → θα + α(φ, θ)
are:
δΠ
a = i¯Γ aΨ, (4.38)
δΨ = ∇ +LaΓ abΠb +
[
(ReS)+ iγ 5(ImS)]Γ aΠa, (4.39)
where La = i8χiΓ abχ ı¯gij¯ is a current of spin- 12 left-handed and right-handed chiral fields χi , 
χı¯ respectively, gij¯ is the Kaehler metric of the scalar-fields σ -model and S(zi, zı¯) ≡ W(z)e K2
is the gravitino mass, W being the superpotential and K(zi, zı¯) the Kaehler potential.
The most natural extension to supergravity of Eq. (4.6), which has the property of reducing to 
(4.6) in the rigid limit, is given by the following expression:
J(3|4) = 13!I1...I3Π
I1 ∧ΠI2 ∧ΠI3
1∏
α=4
θα
4∧
β=1
δ
(
dθβ
)
. (4.40)
Here we used as fermionic coordinates the same set used in rigid superspace (“free falling” 
frame in the fermionic directions of superspace). To make this expression manifestly covariant 
in superspace, we can equivalently rewrite it as:
J(3|4) = 13! I1...I3Π
I1 ∧ΠI2 ∧ΠI3
1∏
α=4
ξα
4∧
β=1
δ
(
Ψ β
) (4.41)
where we have introduced a set of spinors ξα in superspace, defined by ξα(x, θ) ≡ Ψ αβ θβ (see 
Eq. (4.37)). Note that J(3|4) is a 3-form with picture-number 4. We now show that it is (covari-
antly) closed. Indeed
∇J(3|4) = i4I1I2I3Ψ¯ ∧ Γ
I1Ψ ∧ΠI2 ∧ΠI3
1∏
α=4
ξα
4∧
β=1
δ
(
Ψ β
)
+ 2
3
I1I2I3Π
I1 ∧ΠI2 ∧ΠI3
1∏
α=4
ξα ∧
[ 4∑
β=1
δ′
(
Ψ β
)∧ ∇Ψ β ∧
α 	=β
δ
(
Ψ α
)]
+ 2
3
I1I2I3Π
I1 ∧ΠI2 ∧ΠI3 ∧
[ 4∑
α=1
∇ξα
1∏
γ 	=α=4
ξγ
] 4∧
β=1
δ
(
Ψ β
)
, (4.42)
where we used the torsion constraint in superspace, discussed in (A.33) in Appendix A, implying 
∇ΠI =DΠI = dΠI −ωIa ∧Πa = i2 Ψ¯ Γ IΨ , where D denotes Lorentz-covariant derivative.
Because of the presence of the current Ψ¯ Γ IΨ , the first line of Eq. (4.42) actually vanishes 
in force of the identity Ψαδ(Ψ α) = 0. As far as the second and third terms are concerned, to 
directly show that they sum to zero is a bit involved, however they are easily shown to vanish 
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formulation we can make use of the relation dθα δ(dθα) = 0.
In conclusion:
∇J(3|4) = 0. (4.43)
Moreover, it is easy to show that J(3|4) is invariant under supersymmetry transformations, up 
to a total covariant derivative. To this purpose, we can use the general property that the super-
symmetry transformation is actually a Lie derivative in superspace along the fermionic tangent 
vectors dual to the gravitini Ψ . Moreover, if the Lie derivative acts on Lorentz-covariant forms, 
say ω, we may replace the ordinary differential with Lorentz-covariant differentials:
δω = ω = ıdω + d(ıω)
= ı∇ω + ∇(ıω). (4.44)
We then have:
δJ(3|4) = ı∇J(3|4) + ∇(ıJ(3|4)) = ∇(ıJ(3|4)). (4.45)
The above definition (4.41) of the entropy current, which is a direct extension of the definition 
in rigid superspace (4.6), is not completely satisfying since it does not account for the dynam-
ics of the gravitino fields. An alternative definition, which encodes a non trivial dynamics of 
superspace, is the one generalizing to local supersymmetry the definition (4.1), that is:
J (d|m) = 1
d!I1I2I3Π
I1 ∧ · · · ∧ΠI3
m∧
α=1
δ
(
Ψ α
)= J (bos) m∧
α=1
δ
(
Ψ α
)
. (4.46)
This expression is covariantly closed (a proof will be given in Appendix A.5). Its physical relation 
to the bosonic entropy current requires further study. We just observe that the above form is 
related to its rigid counterpart (4.1) through the super-determinant of the supervielbein matrix
J (d|m) = sdet(EMN ) 1
d!I1...Id dφ
I1 ∧ · · · ∧ dφId
m∧
α=1
δ
(
dθα
)
, (4.47)
where
EMN =
(
ΠIJ Π
I
α
Ψ βJ Ψ
β
α
)
. (4.48)
We refer the reader to Appendix A.3 for a proof of the above statement.
5. Conclusions
In this paper we have developed a supersymmetric extension of the non dissipative fluid 
dynamics using as a starting point the effective theory approach of [6]. By introducing the super-
symmetric partners of the comoving coordinate fields and suitably extending the entropy density 
and chemical potential fields to superfields, we have shown that the action functional is invariant 
under supersymmetry transformations. In this setting the bosonic entropy density turns out to be 
the lowest component of the supersymmetric extension. A drawback of this result is that the nat-
ural supersymmetric extension of the current density d-form J (d|m) = 1
d!I1...IdΠ
I1 ∧· · ·∧ΠId is 
not closed. We have then developed an alternative approach to the supersymmetric entropy cur-
rent based on the formalism of the integral forms. In this new setting the new current is identically 
L. Andrianopoli et al. / Nuclear Physics B 892 (2015) 105–131 125closed as it happens in the bosonic case and the Berezin integration in superspace reproduces the 
bosonic entropy formula. Moreover in this new setting an extension of the entropy current to su-
pergravity seems feasible and we have explicitly constructed it in the case of N = 1 supergravity 
coupled to chiral multiplets.
It would be interesting to see what is the relation, if any, between the two approaches and to 
explicitly work out the physical implications in both cases. This is left to future investigation.
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Appendix A
A.1. Conventions
We generally use μ, ν, · · · = 0, 1, · · · , d to denote space–time indices and α, β, · · · = 1, · · · , m
to denote spinor indices. We adopt the “mostly plus” signature of the metric and the following 
definition of the Hodge dual operation in D = d + 1 space–time dimensions:

(
dxμ1 ∧ · · · ∧ dxμk)= 1
(D − k)!√|g| 
μ1...μkμk+1...μD dxμk+1 ∧ . . .∧ dxμD . (A.1)
In this convention we have:
ω(p) = (−1)p(D−p)+1ω(p), ω(p) ∧ η(p) = −
√|g|
p! ωμ1...μpη
μ1...μp dDx, (A.2)
where we have used, for a generic p-form ω(p), the following representation:
ω(p) = 1
p! ωμ1...μp dx
μ1 ∧ · · · ∧ dxμp . (A.3)
We also use the convention:
dxμ1 ∧ · · · ∧ dxμD = μ1...μD dDx. (A.4)
A.2. Properties of the integral forms
In this section we briefly recall the definition of “integral forms” and their main properties 
referring mainly to [18] for a detailed exposition.
The problem is that we can build the space Ωk of k-superforms out of basic 1-superforms 
dθα and their wedge products, however these products are necessarily commutative, since the 
θα’s are odd variables. Therefore, together with the differential operator d , the spaces Ωk form a 
differential complex
0 d−→ Ω0 d−→ Ω1 . . . d−→ Ωn d−→ . . . (A.5)
which is bounded from below, but not from above.
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other object to be defined, new basic forms δ(dθ). We think of δ(dθ) as an operator acting 
formally on the space of superforms as the usual Dirac’s delta measure. We write this as〈
f (dθ), δ(dθ)
〉= f (0),
where f is a superform. Moreover we consider more general objects such as the derivatives 
δ(n)(dθ). Here we have〈
f (dθ), δ(n)(dθ)
〉= −〈f ′(dθ), δ(n−1)(dθ)〉= (−1)nf (n)(0),
like the usual Dirac δ measure. Moreover we can consider objects such as g(dθ)δ(dθ), which 
act by first multiplying by g then applying δ(dθ) (in analogy with a measure of type g(x)δ(x)), 
and so on. The formal properties above imply in addition some simple relations:
δ(dθ)∧ δ(dθ ′)= −δ(dθ ′)∧ δ(dθ), dθ ∧ δ(dθ) = 0, dθ ∧ δ′(dθ) = −δ(dθ).
(A.6)
The systematic exposition of these rules can be found in [17]. An interesting consequence 
of this procedure is the existence of “negative degree” forms, which are those which reduce the 
degree of forms (e.g. δ′(dθ) has degree −1).
We introduce also the picture number by counting the number of delta functions (and their 
derivatives) and we denote by Ωr|s the r-forms with picture s. For example the integral form
dx[μ1 ∧ . . . ∧ dxμl ] ∧ dθ(α1 ∧ . . . ∧ dθαr ) ∧ δ(dθ [αr+1)∧ . . . ∧ δ(dθαr+s ]) (A.7)
is an (r + l)-from with picture number s. All indices μi and αr+1, . . . αr+s are antisymmetrized 
while α1, . . . αr are symmetrized. Indeed, by also adding derivatives of delta forms δ(n)(dθ), even 
negative form-degree can be considered, e.g. a form of the type:
δ(n1)
(
dθα1
)∧ . . . ∧ δ(ns)(dθαs ) (A.8)
is a −(n1 + . . . ns)-form with picture s. Clearly Ωk|0 is just the set Ωk of superforms, for k ≥ 0.
We can formally expand the Dirac delta functions in series
δ
(
dθ1 + dθ2)=∑
j
(dθ2)j
j ! δ
(j)
(
dθ1
)
. (A.9)
Recall that any usual superform is a polynomial in the dθ , therefore only a finite number of terms 
really matter in the above sum, when we apply it to a superform. Infact, applying the formulae 
above, we have for example,〈(
dθ1
)k
,
∑
j
(dθ2)j
j ! δ
(j)
(
dθ1
)〉= (−1)k(dθ2)k. (A.10)
Notice that this is equivalent to the effect of replacing dθ1 with −dθ2. We could have also 
interchanged the role of θ1 and θ2 and the result would be to replace dθ2 with −dθ1. Both 
procedures correspond precisely to the action we expect when we apply the δ(dθ1 + dθ2) Dirac 
measure.
The integral forms form a new complex as follows
. . .
d−→ Ω(r|q) d−→ Ω(r+1|q) . . . d−→ Ω(p+1|q) d−→ 0 (A.11)
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integrated on the supermanifold. As in the usual commuting geometry, there is an isomorphism 
between the cohomologies H(0|0) and H(p+1|q) on a supermanifold of dimension (p + 1|q). In 
addition, one can define two operations acting on the cohomology groups H(r|s) which change 
the picture number s (see [17]).
Given a function f (x, θ) on the superspace, we define its integral by the super top-form 
ω(p+1|q) = f (x, θ)dp+1xδ(dθ1) . . . δ(dθq) belonging to Ω(p+1|q) as follows∫
R(p+1|q)
ω(p+1|q) = 1
q! 
α1...αq ∂θα1 . . . ∂θαq
∫
Rp+1
f (x, θ)dp+1x, (A.12)
where the last equality is obtained by integrating on the delta functions and selecting the bosonic 
top form. The remaining integrals are the usual integral of densities and the Berezin integral. It 
is easy to show that indeed the measure is invariant under general coordinate changes and the 
density transform as a Berezinian with the super-determinant (see Appendix A.3). Note that in 
particular we have∫
θm · · · θ1
m∧
β=1
δ
(
dθβ
)= 1. (A.13)
A.3. Transformation properties of J˜ (d|m)
In this appendix we wish to prove Eq. (4.33). To this end it is instructive to start from the 
slightly more general situation of a current having the form:
J
(d|m) = 1
d!I1...Id P
I1 ∧ · · · ∧ P Id
( 1∏
β=m
Θβ
)
m∧
α=1
δ
(
Ψ α
)
, (A.14)
where:
P I = P I J dφJ + P I α dθα, Ψ α = Ψ αI dφI +Ψ αβ dθβ, (A.15)
are even and odd 1-forms, respectively, and Θβ(φ, θ) are odd superfield 0-forms. Expanding Θα
in products of θ ’s we find:
Θβ(φ, θ) = Θαβ(φ) θβ +Θαβγ (φ) θβθγ + . . . (A.16)
We see that only the first term in the above expansion contributes to the m-fold product of the 
Θ’s, so that:
m∏
β=1
Θβ = det(Θαβ(φ)) m∏
β=1
θβ. (A.17)
As far as the integral-form part of the current is concerned, let us use the following properties:
m∧
α=1
δ
(
Mαβ dθ
β
)= 1
det(Mαβ)
m∧
α=1
δ
(
dθα
)
, (A.18)
δ
(
dθα + FαI dφI
)= m∑ 1
k!δ
(k)
(
dθα
) (
FαI dφ
I
)k
, (A.19)k=0
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product of the form FαI dφI .
Using (A.18) and (A.19) we can rewrite (A.14) as follows:
J
(d|m) = 1
d!I1...Id P
I1 ∧ · · · ∧ P Id det(Θ
α
β)
det(Ψ αβ)
(θ)m
m∧
α=1
δ
(
dθα + FαI dφI
)
= 1
d!I1...Id P
I1 ∧ · · · ∧ P Id det(Θ
α
β)
det(Ψ αβ)
(θ)m
m∧
α=1
m∑
k=0
1
k!δ
(k)
(
dθα
) (
FαI dφ
I
)k
,
(A.20)
where FαI ≡ Ψ−1 αβ Ψ βI . Next we use the fact that the presence of ∏mβ=1 θβ singles out the 
order-0 terms in θ of all the other factors in the above expression. In particular, being P Iα and 
FαI odd functions of φ, θ , they vanish when multiplied with 
∏m
β=1 θβ , so that:
J
(d|m) = det(P (0) I J ) det(Θαβ)det(Ψ (0) αβ)
1
d!I1...Id dφ
I1 ∧ · · · ∧ dφId (θ)m
m∧
α=1
δ
(
dθα
)
, (A.21)
where P (0) I J (φ) and Ψ (0) αβ(φ) denote the θα = 0 components of the matrices P I J (φ, θ) and 
Ψ αβ(φ, θ).
Consider now the particular case in which Ψα = dΘα and P I have the form in (4.32). We 
have:
P (0) I J = ∂Φ
I
∂φJ
∣∣∣∣
θ=0
= JJ I ; Ψ (0) αβ = ∂Θ
α
∂θβ
∣∣∣∣
θ=0
= Θαβ. (A.22)
The current J(d|m) coincides with J˜ (d|m) and we find Eq. (4.33).
Inspired by the alternative definition of the entropy current in (4.1) and its supergravity version 
(4.46), let us repeat the above derivation for the following form:
Jˆ
(d|m) = 1
d!I1...Id P
I1 ∧ · · · ∧ P Id
m∧
α=1
δ
(
Ψ α
)
. (A.23)
Using (A.18) and (A.19), we can write:
Jˆ
(d|m) = 1
d!I1...Id P
I1 ∧ · · · ∧ P Id 1
det(Ψ αβ)
m∧
α=1
m∑
k=0
1
k!δ
(k)
(
dθα
)(
FαI dφ
I
)k
. (A.24)
Notice, however, that now all the terms in the sum on the right hand side contribute, and each 
will select a different term in the expansion of the product of the P ’s. A careful derivation yields:
Jˆ
(d|m) = sdet(EMN ) 1
d!I1...Id dφ
I1 ∧ · · · ∧ dφId
m∧
α=1
δ
(
dθα
)
, (A.25)
where the indices M , N run over the spatial and spinor ones I , α, the matrix EMN is defined as:
EMN =
(
P I J P
I
α
Ψ βJ Ψ
β
α
)
, (A.26)
and “sdet” denotes the super-determinant:
sdet
(
EMN
)= 1
det(Ψ αβ)
det
(
P I J − P I β Ψ−1 βα Ψ αJ
)
. (A.27)
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We wish here to show that the form defined in (4.24) is closed. We start computing the exterior 
derivative of the current
Jˆ αβ1...βn ≡ θα∂β1 · · ·∂βn
∏
β
δ
(
dθβ
)+ i
d
ΠI
(
Γ IC−1
)αγ
∂γ ∂β1 · · ·∂βn
∏
β
δ
(
dθβ
)
,
∂β ≡ ∂
∂dθβ
, (A.28)
where C is the charge-conjugation matrix. We shall need to use the properties:
dθα ∂β1 · · ·∂βk
∏
β
δ
(
dθβ
)= k δα(β1∂β2 · · · ∂βk)∏
β
δ
(
dθβ
)
,
dθα dθγ ∂β1 · · · ∂βk
∏
β
δ
(
dθβ
)= k(k − 1) δ(αγ )(β1β2∂β3 · · ·∂βk)∏
β
δ
(
dθβ
)
. (A.29)
Exterior derivation of (A.28) then yields:
dJˆ αβ1...βn = nδα(β1∂β2 · · ·∂βn)
∏
β
δ
(
dθβ
)
+ i
d
i
2
dθT CΓIdθ
(
Γ IC−1
)αγ
∂γ ∂β1 · · ·∂βn
∏
β
δ
(
dθβ
)
= nδα(β1∂β2 · · ·∂βn)
∏
β
δ
(
dθβ
)
− n(n+ 1)
2d
(
Γ IC−1
)αγ
(CΓI )(γβ1 ∂β2 · · ·∂βn)
∏
β
δ
(
dθβ
)
= nδα(β1∂β2 · · ·∂βn)
∏
β
δ
(
dθβ
)− n
2d
(
Γ IC−1
)αγ (2(CΓI )γ (β1∂β2 · · ·∂βn)
+ (n− 1) (CΓI )(β1β2∂β3 · · · ∂βn)∂γ
)∏
β
δ
(
dθβ
)
= −n(n− 1)
2d
(
Γ IC−1
)αγ
(CΓI )(β1β2∂β3 · · ·∂βn)∂γ
∏
β
δ
(
dθβ
)
, (A.30)
the latter term vanishes upon contraction with P.
A.5. Covariant closure of J (3|4)
In this appendix we wish to prove that the current J (3|4) is covariantly closed. The supertorsion 
T a and the gravitino field-strength ρ 2-forms in N = 1 superspace are defined as follows:
T a = dV a −ωab ∧ V b −
i
2
Ψ¯ Γ aΨ, (A.31)
ρ ≡ ∇Ψ = dΨ − 1Γ abωabΨ, (A.32)4
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straints) is
T a = 0 (A.33)
ρ = ρabV a ∧ V b + La Γ5 Γ abΨ ∧ V b +
[
(ReS)+ iΓ 5(ImS)]Γ a Ψ ∧ Va, (A.34)
where ρabV a ∧ V b is the supercovariant gravitino field strength, La = i8χiΓ abχ ı¯gij¯ is a cur-
rent of spin- 12 left-handed and right-handed chiral fields χ
i, χı¯ respectively, gij¯ is the Kaehler 
metric of the scalar-fields σ -model and S(zi, zı¯) ≡ W(z)e K2 is the gravitino mass, W being the 
superpotential and K(zi, zı¯ ) the Kaehler potential.9
We now show that the entropy current defined in (4.46) is (covariantly) closed. Indeed
∇J (3|4) = i
4
I1I2I3 Ψ¯ ∧ Γ I1Ψ ∧ V I2 ∧ V I3
4∧
β=1
δ
(
Ψ β
)
+ 2
3
I1I2I3V
I1 ∧ V I2 ∧ V I3 ∧
[ 4∑
β=1
δ′
(
Ψ β
)∧ ∇Ψ β ∧
α 	=β
δ
(
Ψ α
)]
, (A.35)
where we used the constraint (A.33), implying dV I −ωIa ∧ V a = i2 Ψ¯ Γ IΨ .
Because of the presence of the current Ψ¯ Γ IΨ , the first line of Eq. (A.35) actually vanishes 
in force of the identity Ψαδ(Ψ α) = 0. As far as the second term is concerned, we observe that 
substituting to ∇Ψβ = ρβ the right hand side of Eq. (A.34), we get four kinds of contributions: 
the terms with five vielbeine identically vanish in four dimensions; as far as the contribution 
of the other three terms is concerned, they contain the products Γ5Γ abΨ ∧ Vb , Γ aΨ ∧ Va and 
Γ5Γ aΨ ∧Va . All of them, however, give a vanishing contribution owing to the traceless property 
of the Γ -matrix algebra. Take for example the term
−i(ImS)Γ aΓ 5Ψ ∧ Va.
We have:
−i(ImS)I1...I3V I1 ∧ V I2 ∧ V I3 ∧ Va
[ 4∑
β=1
δ′
(
Ψ β
)∧ (Γ a Γ 5)βγ Ψ γ ∧
α 	=β
δ
(
Ψ α
)]
= i(ImS)I1...I3V I1 ∧ V I2 ∧ V I3 ∧ Va
[ 4∑
β=1
(
Γ a Γ 5
)β
β
4∧
α
δ
(
Ψ α
)]= 0, (A.36)
where we used the property δ′(Ψ γ )Ψ γ = −δ(Ψ γ ).
By the same argument one finds that also the terms proportional to Γ aΨ and Γ 5Γ abΨ give 
vanishing contribution since Tr(Γ 5Γ ab) = Tr(Γ a) = 0.
In conclusion:
∇J (3|4) = 0. (A.37)
9 Note that in this formalism ρabV aμV bν is the supercovariant gravitino field-strength while ρμν is the ordinary field-
strength ∇[μΨν].
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